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Abstract

We present numericalsolutionfor the systemcouplingthe multigroupradia-
tion diffusion andthe matterenegy balanceequations.The schemds appliedto
anondimensionaimodelwhich specifiesanideal gasequationof state.Opacities
are proportionalto the inverseof the cubeof the frequeng, therebysimulating
free-freetransitions Radiationemissionis givenby aWien spectrumThemethod
consistsof a multigrid approachwherebythe solutionon coarsedevels of groups
is interpolatedto finer levels. On eachlevel, we obtain a nonlinearsystemof
equationswvhich incorporateshe groups’diffusive transportandtheir inter group
coupling. After linearizing, to ensurerobustnesswe introducepseudatransient
continuationandobtainanM matrix anda nonngative right side. Thelinear sys-
temis solvedby aniterative techniquebasedntwo regularsplittingsof thematrix.
Theiterationsymbolis analyzedandshawvn to be cornvergentfor a wide rangeof
time steps. The schemds appliedto two problems. Onesimulatesthe diffusive
transportand equilibrationof a localizedenegy source. The secondmodelsthe
propagatiorof enegy throughinitially cold material.

Keywords. nonlinearPDE of parabolictype,numericalinearalgebrabound-
ary value problemsfinite differencemethodsmultigrid methods astronomyand
astrophysicsiadiative transfer

AMS subject classification. 35K55, 35Q99,65F10,65H10,65H20,65N06,
65N12,65N55,85-08,85A25
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1 Intr oduction

In this paperwe develop a numericalschemefor the nondimensionaimultifrequeny
radiationdiffusionequationglerivedby Hald & Shestakv (H&S) [1],

ou = V-’Vu+ (B, —u)/v?, (1)
RO,T = —T+/ (u/v?)dv, (2
0
In (1)-(2), v = u(z,t,v) andT = T(z,t) representhe spectralradiationenegy

densityandmattertemperatur@espectiely. In the H&S model,matteremitsradiation
accordingto a Wien spectrum.Thus,

B, =13 V/T . (3)

The independentariablesz, ¢, and v denotedistance time, and frequeng respec-
tively; R is a positive constant.

For numericalcomputationsthe frequeng spectrunis discretizednto A/ groups
O=wv<rn<m< <y,

wherev, is assumedo be “largeenough. To be precise v shouldbe solargethat
atall times,theradiationat higherfrequenciess negligible, i.e.,

[e'e] VN
/ u,,dz/z/ u, dv.
0 0

A]‘ =Vj—Vj_1.

Let

definethe groupwidths. We assumehat the widths are sufiiciently fine and cover a
widerangesothatatall times

I/l/T <<].<<I/N/T

By integrating(1) overeachgroup,weobtain\ equationspnepergroup.Defining

the 5t integral operatoy
vj
[+ -
J Vj-1

/8tu=6‘t/u£6‘tuj
J J

whereu; representsheintegral of the spectralradiationdensityover the j*" group?
For thetransporterm,

we derive eachterm. Thus,

/Vz/gVu,,:V-ﬁf-Vuj,
I

1Thedefinitionimpliesthatu andu; have different“dimensions;"theformerisin unitsof enegy density
perfrequeny; thelatteris anenegy density
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while for theabsorptiorterm,

wherep; and; satisfy
Vi1 < ﬁj, v <vj. 4)

Equation(3) leadsto

/B,,/l/3 = /(V36V/T)/V3 =p; T,

J J
where
pj = exp(—v;-1/T) —exp(—v;/T) . (5)
By defining
B =), =),
anddiscretizingtheintegralin (2), we obtainthemultigroupsystenof A/ +1 equations,

6,5’U,j = V'ﬂjVUj—}—pjT—uj/ﬂj, (j=1,...,N), (6)
N

ROT = -T+> uj/ji;- 7)
j=1

The one—grougsystemis obtainedby integratingonceover all frequenciesTo this
end,we notethatfor (1)—(2),the so-calledequilibriumor stationarysolutionarisesas
u — B,. If weintegrate(1)-(2) andfollow the usualanalogue®f “Planck” averag-
ing the coupling coeficient v—3 [2], p.166,and“Rosseland”averagingthe diffusion
coeficient »3 [2], p.153, but averaging with the equilibrium function v3 e =*/7', we
obtain,

OE = V-210T*VE+ (6T*—-E)/(6T?)), (8)
RO,T = —(6T'-E)/(6T°%), (9)

whereE = [ dv u representtheradiationenegy density

Thethreesystemg1)—(2),(6)—(7),and(8)—(9) presereimportantpropertieof the
commonlyused(dimensionalyadiationdiffusionequationslgnoringboundaryfluxes
(accomplishedy imposinghomogeneouBleumanrboundaryconditionson u or E),
the total enegy is constant. For the systems(1)—(2), (6)—(7), and (8)—(9), the total
enepy densityis RT + [dvu, RT + > uj, and RT + E respectiely. The high
frequeng photonsij.e., u with largev in (1)—(2)or u;/A; with largej in (6)—(7),are
characterizedy fasttransportandslow absorption.In (1), 1/2® playsthe role of a
coupling coeficient, with low frequencieouplingthe fastest. Matter preferentially
emitsradiationinto frequenciesvherer? e/ is maximal. Analogously (6) shavs
that radiationabsorptionis proportionalto ﬂ;l while radiationemissioR is greatest
into thegroupwith maximump;T/A ;.

2measuredh “units” of enegy/volume/frequeng
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We now resole the discrepanyg betweerthe variablesji; andz; in (6)—(7). For
theabsorptionthe analogueof Planckaveragingover a groupyields

Jor = () ([pemr) [ (] pam)

After integrating,we obtain,

= w(y)°.

—y|Yj
1 € y|y=yj—1

0= ()3 — — __— \¥y=Yi-1
1/,“] = (V]) T T3 e—v as(y) Zj:yj_l

> Yj :Vj/Ta (10)

where form > 0,
am(y) = m!Zyl/K! .
£=0

For thetransportthe analogueof Rosselandveraginggives,

/jﬁw (/jw) (/ju3v3,,> /(/jVB,,)
Vu, ( /J v 6B,,/6T> / ( /J 6‘B,,/8T>

= (ﬁj)3 V’LLJ' .

After integrating,we obtain

N N e Y q7(y)|5j=y-_1
iy = (o) =10 I a1
? ! e Y qu(y) Z=yj—1 ! !

Equationg10) and(11) imply that?; andz; dependon T which may equalary non-
negative value. The dependenceppeargo contradictthe requirement(4) sincethe
frequeny mesh{v;} is fixed. In AppendixA we show that(4) is alwayssatisfiedand

thatthe dependencenT is somavhatbenign,especiallyfor large /. Toillustrate,in
thelimit of smallfrequeny meshwidth,

s 13 2
hgo B =vi_y+(3/2)vj_1 Aj +

Aj

(#) vi (M) ...,

Thecoeficient fi; hasa similar expansionandthe difference,

i (fi; — i) = vj1 (85)° + (8;)°/2+ ... .

AJ'—>0

However, whenA; is large, the diffusion and coupling coeficients fi; andg; of
(6)—(7) have alargertemperaturelependenceror small V| the differencefi; — fi; is
morepronouncedTheeffectis dramaticallyillustratedby (8)—(9) (for which A' = 1)
in whichtherolesof /i; andji; areplayedby 2107 and67 respectiely.
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Unit flux problem. Total energy;t=1
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Figurel: Unit flux problem.0-groupenegy densityR T and 1-groupenegy density
RT + Evs.z; R=10.

Solutionsof (8)—(9) and(6)—(7) aremarkedly different. Considerthe semiinfinite
interval: 0 < x < oo. Assumethatinitially, w = £ = T = 0 andthatatz = 0
we imposea constantunit flux of enegy into theradiationfield. After sometime, for
(8)—(9),asteepfront develops.At theedgeof thefront, whereT is still cold, E ~ 6T*
(dueto thelargecouplingcoeficient). If (8) and(9) summedassumingtl < RT and
substitutingEl = 674, we obtain,

RO,T = 9, (5040 T% 9, T) , (12)

i.e., the front propagatess a thermalwave [2]. Solutionsof (8)—(9) and (12) are
remarkablysimilar; they aredisplayedin Fig. 1. The “0-group” refersto the solution
of (12). The1-groupenegy refersto RT + E of (8)—(9).

On the otherhand, solutionsof (6)—(7) will not have a sharpfront. Someenegy
is depositednto the high frequeng groups,eitherby the boundarycondition, or by
the matter Thesegroupsare characterizedy large diffusion and small absorption
coeficients.Hence this enegy propagatesleepinto the domainbeforeit is absorbed.

In thefollowing sectionawe first presenta generaldescriptionof the method.The
fundamentatonceptis to apply multigrid to the frequeny coordinate.We construct
a hierarchyof v grids. On eachlevel, we advance N (< N) diffusion equations
which are coupledthroughthe mattertemperaturd’. After theseequationsaretime—
advancedtheresultis interpolatedo thenext finerlevel usingthe proceduralescribed
in section3. Section4 describediow the level equationsarelinearized.We introduce
pseudotransientcontinuation®tc in orderto obtaina robustlinear systemAx = b
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for the radiationenepgy densities.Section5 provesthata judiciouschoiceof the ¥tc

parameteensureghat A is an M—matrix andb is nonngyative. The systemis solved

by iterations.A dual matrix splitting alternate$etweersolving systemsf sizeequal
to thenumberof spatialgrid points,andsystemf sizeequalto the numberof groups
in alevel. Section6 provesthatthe iterationmatricesare corvergent. Resultsappear
in section7. Two problemsare consideredpne simulatesthe diffusion of alocalized
sourceof matterenepgy while the other, the propagatiorof radiationinto cold matter

Concludingremarksappeailin section8.

Beforelaunchinginto the overview, we review the threemethodscommonlyused
to solve the multigroupequations. All areof semi—implicitform; coeficientssuchas
the specificheatand opacitiesare evaluatedat the old time level. Furthermorethe
schemesare at bestlinear; the emissiontermis linearizedaboutthe old temperature.
Thesimplestmethodis the “partial temperature(PT) schemeof Lund andWilson[3],
[4]. The PT schemds an applicationof operatorsplitting. For eachtime step,each
groupis addressednly once. Thus,the PT schemecannoteven be saidto solve a
linearizationof theequationsThe othertwo methodsdo indeedattemptto solvelinear
systemgouplingall of theradiationgroupsto alinearizationof theemissiorterm. One
method,dubbed‘fully implicit” (FI) is the schemeof Axelrodetal [5]. Friedmanand
Kershav [6] extendedheF| schemdor spatially2D computemprogramsLastly, is the
schemeof Morel et al [7] which beginswith the samelinearizationasthe FI scheme,
but algebraicallyeliminatesthe mattertemperaturegherebyobtaininga systemthat
explicitly couplesall of the groups.The systemis solved by anacceleratiotechnique
thatignoresthe diffusive transport. Readergamiliar with the FI and Morel schemes
will note distinct similarities with ours. Indeed,the methodproposedn this paper
attemptdo incorporatehe bestfeaturef each.

2 Overview of scheme

Giveninitial conditionsatt = ¢™, ourjob is to producea solutionfor the (nonlinear)
system(6)—(7) at t"1 = " + At wherethe time step At may be arbitrarily large.
In orderto avail oursehes of fast, robust methods,we limit the compleity of the
underlyinglinear systemsolver to one that tacklesnothing more complicatedthana
discretizatiorof asingle,scalarelliptic equationof theform,

V-aVu—-bu=w.

For sufficiently large 2D and 3D meshesgspeciallyif runningon massvely parallel
platforms,suchsystemsare typically solved by iterating. And, sinceiterationsonly
refineinitial guessest is usefulto have a goodinitial iterate,i.e.,agoodguesdor the
fieldsatt = t"*+1. If At is sufficiently large,thevalueatt = ¢” maybeinadequate.

Although our methodmay be appliedto discretizationaisingan arbitrarynumber
of groups//, for simplicity, we assumehat\ is a pawer of two.

The schemes premiseis thatif we hadalreadytime—adwancedthe solutionusing
N /2 groups,thenthis coarselevel solutionshouldbe a good guessfor the problem
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usingV groupsif thecoarsdevel is properlyinterpolatedo thefine level. Theideais

recursve. Thesolutionusing/\' /2 groups which maystill beexpensveto obtain,may

itself be approximatedy time advancinga systemof A /4 groups.Takingthis to the

limit, onearrivesatthe“coarsestlevel of groupswhichin this paperwe assumeo be

the“one group” system(8)—(9). Althoughrobustmethoddor the one-groupequations
arereadilyavailable,e.qg.,[8], for completenessye presenbnein AppendixB.

Thus,givenafrequeng grid of N groupswe constructahierarchyof coarsdevels,
e.g.,0f /2, N'/4, etc.,groupsspanninghesamerequeng range We assumehatthe
coarseandfine levelsusethesamespatialgrid.®> Sincewe bootstrago finer (frequeng)
levels,thetemperaturd’ obtainedonthecoarsdevel formstheinitial guessonthefine
level. For theradiationfield, we interpolatethe coarsdevel asdescribedn section3.
To summarizeeachtime-adwancementonsistof the following steps.

1. Advancecoarseslevel equationgo desiredaccurag. Ensurethattime advanced
solutionconseresenegy.

2. Interpolateresultto finer level to form initial guess.
3. Oneachlevel, performouteriterations.

e Computecoeficients,e.g.,opacities.

e Linearizeequations.

o ComputePtc parameter to ensuraobustnes®f linearsystem.
e Solwelinearsystem(usingiterations)to desiredaccurag.

4. Check(nonlinear)corvergence.If desiredaccuray is reachedgxit level with
enegy conservingdields.

Step2—4 arerepeatedintil we reachthefinestlevel.

This concludegheoverview. In thefollowing sectionsve describethe procedures
in greaterdetail.

3 Coarse—fineinterpolation

We now discusshow we interpolatea coarselevel solutionto the fine level. Since
we only refinethe frequeny coordinatethe time advancediemperaturen the coarse
level forms the initial guesson the fine level. For the radiationfield, we interpolate
asfollows. Let {v;_1, v;, vj11} denotea refinementof a single coarsefrequeny
meshwidth { v;_1, v;41} andlet u§_ representhe solutionover the coarseinterval.

3The coarselevel may usea coarsenedpatialgrid. In this case,we resortto classicalmultigrid and
interpolatethe coarsg(spatial)grid solutionto thefine grid.
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We assumea local equilibrium exists over the interval and solve for the “radiation”
temperatur®;_which satisfies

Vjt1

u$ / dy v3 e="/®ie
14

Je
i—1

= (0;)! [e7¥*qs(yj—1) — e ¥t gs(y;41)] (13)

wherey;11 = v;41/0;.. Thevariable®;, is obtainedusingNewton’s method. We
initialize theNewtoniterationswith ©;, = ©,,_1, i.e.,with the ® valueobtainedrom
the previous coarsewidth. If j = 1, we initialize with ©;, = T, the coarselevel
mattertemperatureClearly; if the problemis nearequilibrium,the Newton iterations
cornvergequickly and,furthermore thefine level is initialized with anexcellentguess.

After theNewtoniterationshave corverged theinitial guessea§0) , ug(jr)l arefound
by integratingtheassumedocal equilibrium,i.e.,

u§°)=/ dviPe V/®ic | (i=j,j+1).
Vi1

We cautionthatthe above procedures notrobust. If u$_is sufficiently large,there
is no solution? In caseof suchfailure, we revertto “constantinterpolation’. Thatis,
we assumehatthespectraenegy density asapproximatedby thecoarsesolutionu;
is constanbver the coarsdanterval. Then,by definingthe grid fraction

f=Wi—vj1)/Wjr1 —vj-1),

we set,

ugo) = fu;C and ugg_)l =(1-f) uﬁc :

4 Derivation of linear system

Herewe derive the linear systemfor the multigroupfrequeng levels. Let N denote
the numberof groupsof the currentlevel. After discretizingthe temporalderivatives
of (6)—(7)andmultiplying by At, we obtain

0 = —(uj—ud)+At(V-p;Vu; +p; T —uj/fiz) , (14)
N

0 = —R(T-T°)+At | =T+> ui/it; | (15)
j=1

wherej =1, ..., N. Equationg5), (10),and(11) shaw thatp;, fz;, andf; dependon
T.

4The nonrolustnesss due to our choosingto give B a Wien distribution. For the Planckfunction,
B = Bp = v3/(exp(—v/©) — 1). Forlarge ®, Bp ~ 12 © (1 — v/20), i.e.,for ary v, Bp canbe
arbitrarily large. Thus,if B = Bp, theanalogueof (13) canbe solved for arbitrarilylargeu?c. However,
for the Wien distribution By, if © islarge, By ~ v3 (1 — v/©), which putsaboundon By [9].
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Treating At asa parameterwe view (14)—(15)asa time independensystemand
replacethe zeroeson the left handside (LS) with pseudo—timederivatives du; /07
and R 0T /0r. Thus,the solutionof (14)—(15)is the steadystateof the pseudo-time
dependenequationsTheneedfor the pseudo—timelerivatives,in particularthe utility
of 7, theinverseof the pseudo—timestep,

0<7=1/AT < 0,

will bemadeevidentin Section5. For the momentwe notethatsettingr = 0 returns
(14)—(15).However, a positive T yieldsthefollowing discretizatiorof thetemperature
equation,

N
Rr(T-TW) =—-R(T-T°)+ At (—T+Z vj> :
j=1

whereT (@) s the temperaturet the previous pseudo—timeandwherewe have intro-
duced

vj = uj/fj -

Henceforthp;, whichis alsononngative, will betheunknawn of interest.

Solvingfor T yields
N
T=2%TO+(1-y=7)T"+7> v, (16)
Jj=1
where,
0<v= ztam <1, (17)
— RT

Equation(16) is robust. Oncenonnegative v; arecomputedthe temperaturel” is an
averageof theradiationenegies,the old temperaturd™, andtheintermediatel’(®).

For thewv; equationsin orderto avoid ill posedsystemswe do notlinearizethe fi;
andji; coeficients,but insteadevaluatethematthetemperaturd (. However, we do
expandthe emissionp; T in (14) aboutT®. Thus,

piT =T+ -7 (19)

where ) . @ ) -
o = (1+yf) et — (L4+yP)e™"

andy!” = v;/T®. Notethatfor all j andT® > 0,

N
0<al?<1 and Y o’ =1. (20)

J=1
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Similar expansionsarereadilyderivedfor p;.i). Themainpointis that,becausef their
dependendenaan 7', p anda dependon positionz.

Equation(19) enablesliminating?Z from (14); the emissionandabsorptiorterms
become,

N
piT =i/ =va; Y v
=1

+o(1 =7 —=7) T° + [a;(yr = 1) = p;] T —v; . (21)

wherewe have suppressethesuperscriptef a; andp;. If we substitutg21)into (14),
we obtaina setof equationgnvolving only the unknavnsv;. OnthelS of (21), we
includethe pseudo—temporalerivative

Tﬂj(vj—’l);-i)) .

In the following, without loss of generality we assumea onedimensionakpatial
domainandlet {z;,,} definethegrid points. Thus,hy = Try1/2 — Tg—1/2 is the
“volume”of the k' cell andzy1/2 areits “edges: The unknowvnswy ; represent
the radiationenegy densityof the j*® groupin the kt* cell divided by the cubeof an
averagefrequeng. In termsof vy, ;, thediscretizatiorof theflux termoverthe k™ cell
is givenby

. At [ Upy1,j — Uk  ~ Uk,j — Uk—1,j
AtY - :Vu, = — B et LY A SNt Rt e
Hivt hi, [MHUZ’J hiy1/2 Hr=1/23 hik—1/2
At [ﬂk+1/2,j Bk, (ﬂk+1,j o o )
- = k L= Uk
hi hiy1/2 Ak !

Be—1/2,5 Fk,j Br—1,5
o (ki T e ) |
k—1/2 M,

Note that becausef the dependencen T, the coeficientsi; and zi; have a spatial
index k (with the propercentering.) However, (10), (11), and (4) imply thatthatthe
spatialvariationis mild—especiallyfor refinedspectralgrids. Hence,in orderto an-
alyzethe linear iterative schemewe drop the spatialindexing of z; andjz;.° If we
assumea uniform spatialgrid (b = hy = hy41/2) anddefine

n = At fij i /h?
then,theflux termreducego the simpleform
AtV - ﬂjV’LLj =T"nj (vk+1,j — 21)/9’]' + Vk—1,j5 ) .

Combiningtheabove discretizationyieldsthelinearsystem

N
—1j (Okt1,j = 2085 + Vk—15) + djvry — YAtk Y vke =wiy,  (22)
=1
5The computerprogramretainsthe spatialdependencg, _ 172, andfig ;.
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where

di = (1+7)g;+At and (23)

(rof) +0Q )+

At{ (1= =) T + [prj + an(rr — DIT Y. (24)

Wk, j

5 Analysisof linear system

Equation(22) is of theform Av = w wherev andw arethe vectorswith components
vg,; andwy, ;, respectiely. The diagonalof A is positive andall offdiagonalentries
arenonngative. If A wereto be anM-matrix, i.e., if the elementof A~! werenon-
negative,andif all component®f w werealsononngative,the systemAv = w would
berobust. Thatis, thenew enegieswould be physicallyreasonable.

In this sectionwe show thata judiciouschoiceof 7 guaranteesobustnessBefore
plunginginto the analysisiit is usefulto note seseral pointsabout(22). Our job is to
producephysicallyreasonable for any choiceof parameterandRS.In particular we
assumehatwe areunableto changeAt, the physicaltime step® Furthermoregvenif
we couldchangét, e.g.,by loweringit in orderto ensurediagonaldominanceywe must
anticipatethe possibility thatfor = = 0, wy,; maybenegative for suficiently small°

andT® becaus®f theindeterminay of the signof the coeficientmultiplying T,Si).

To guaranteghe M-matrix property we recall Varga[11], Theorem3.11, Corol-
lary 1, p. 85, whichstateghat 4 is anM-matrix if it isirreduciblydiagonallydominant
and consistsof positive diagonaland nonneyative offdiagonalentries. Irreducibility
may be proved by shaving that the directedgraphof A is strongly connectedyVarga
[11], Theoreml.6, p. 20, andthe latteris easilydoneby inspection. Diagonaldomi-
nanceis proved by the following lemmawhich derivesa conditionfor 7. Thelemma
introducesa “safetyfactor’ 8 > 0 whichwe discusdn theremarks.

Lemmal Letg > 0. Define

= Rﬂ];
b = 2R +At[ig;+R(1-p)], and
¢ = Rpj+At[pj+R(1—pB)]+At> (1 - Nay; —f8) .

If 3 < 1andc > 0, thenA is diagonallydominantfor all 7 > 0. Otherwise A is

diagonallydominantif
7> (Vb —4ac—1b)/2a. (25)

Remark Diagonaldominancaés attainedustwith 5 = 0. A positive 5 addsamamgin
of safety We usethisfeaturein theanalysisof thecorvergenceof theiteratve scheme.

60ur schemds intendedfor multiphysicscodeswhere At may be fixed by a “master” function at the
startof thetime step.




6 LEVEL ITERATION SCHEME 13

Proof Giveng > 0 andrequiringthattherow sumof (22) belargerthananormalized
nonnegjative valueyields,

di —NvyAtoay; > At >0. (26)
Recalling(23) and(17), this leadsto theinequality
at® +br4+c=p(r)>0,

wherea, b, andc aredefinedin thelemma.lf g8 < 1, thena, b > 0. Hence,if ¢ > 0,
thenp > 0 for all 7. If 8 > 1, thensign) is indeterminateandfor large At, ¢ is
negative. Neverthelessgivenalargeenoughr, we canassurghatp > 0 sincea > 0.
Therequiredvalueis thatdefinedin (25).]

Diagonaldominanceguaranteeshat A is an M-matrix, i.e., A=' > 0. To ensure
robustnessyve derive conditionsthat guaranteanonneayativity of the RS of (22). The
conditionsform the basisof thefollowing lemma.

Lemma?2 Let

a = Rp; U;.c,j ,
Rpj (vj,; +op ;) + [prj RT{ + fijvi ;1 At , and
¢ = Rp;jvp;+{R[ar;TY + (prj — o )T{] + fij vp ; } At

+(pr,j — ;) Th At* .
If ¢ > 0, thentheRSof (22) wg,; > 0 for all 7 > 0. Otherwisgwy, ; > 0 if

T> (Vb2 —4ac—b)/2a. (27)

Proof We proceedasin Lemmal. Substituting(17) and(18) into (24) andnormal-
izing yieldsa quadraticy = a2 + bt + ¢, wherea, b, andc aredefinedin thelemma.
Theinequalityqg > 0 is equialentto wy ; > 0. Sincea, b > 0, if ¢ > 0, theng is
positive for all 7. Otherwise; mustbegreateithanthe (positive) root definedin (27).
|

6 Leveliteration scheme

Equation(22) is of theform Av = w wherev andw arevectorswith componentsy, ;
andwy,;, respectiely, andA is of theform

A=D-M, - M, (28)
whereD = diag(d; + 2n; — v At ay, ;) andthe(k, j) elementsf the products
(Miv)k,; = +nj (Vk=1,j + Vk41,;) and
(Mav)g,; = +yAtoy,; Z Ukt

#j
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wherein the sum,theindex £ rangesover all integers1 to N exceptj. The splitting
(28) suggestshe following iterative scheme Givenaninitial guess(?), we obtainthe
next iteratein two steps,

(D — My) o2 =y 4 My 0@ (29)
(D — My) o0+ = w4 My ol+1/2) (30)

Equation(29) requiressolving N separatesymmetric positive definitelinearsystems,
eachof order K where K is the numberof spatialgrid points; while (30) reducego

K independensystemf order V, the numberof groupsfor this level. Althoughthe

matrix onthelLS of (30)is densesinceit is arankoneperturbatiorof a diagonalma-

trix, theinverse(D — M,)~! is givenexplicitly usingthe Sherman—Morrisoformula
[10].

The exactsolutionv satisfieshe above two equationswith v replacingthe super
scriptedvariables It follows thattheerrorfor theit! iterate,

NONSREN G

satisfies, . .
e+ = (D — My)™* My (D — My)~* My e . (31)

Eachmatrix, D — M;, is anM-matrix sinceit is obtainecby settingcertainoff diagonal
entriesof A to zero,Varga[11], Theorem3.12,p. 85. Hence gachsplittingin (29) and
(30)is aregular splitting of A, Varga[11], p. 88. Thus,eachiteration(29) and(30) is
individually corvergent,Varga[11], Theorem3.13,p. 89. Thatis, the spectrakadii of
theiterationmatricesg.g.,of (D — M;)~! M, arelessthanone. This provesthatthe
iteration(31) corverges.

The convergencemay be enhancedy a properchoice of the parameter3 intro-
ducedin Lemmal. To prove this, we examine(31) moreclosely Considerthe first
half step,

(D — M) et/ = M,y el | (32)
We expressthe errorasa productof spatialandfrequengy components,
ey =€ eV T (33)

andsimilarly for e(i+1/2)_ Sincee(?) is alinear combinationof unit vectorsiit suffices
to analyzehow one suchvectoris affectedby the iteration. Let (9 = ¢&,,, the N-
dimensionalnit vector Since|[()|| = 1, we seeka boundon [|e(*+1)||. Substituting
into (32),yields

(i+1/2) _ 7 Ata; 34
€ ~dj +2n;(1—cos ) —yAta;’ (34)

wherewe replacedyy, ; with 5, a notationwe adopthenceforth.

For the secondhalf step,

(D — M) 'Y = My /2
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let e*+1) have form givenin (33). Usingthe Sherman—Morrisoformula, we obtain

(i+1) _ _ (i+1/2) S¢ .
& = (CJ &g Tt md:) cos 0., (35)
where
G = 2n;/(d; + 2n;) a; =y Ata;/(d; + 2n;) , (36)
N N
S = Z ¢ 6§z+1/2) . and S, = Zaf .
=1 £=1

The diagonaldominancecriterion (26) ensureghat et t/? > 0. Theterms(;
anda; areclearly nonngative. We will show thatS, < 1; hence the parenthetical
expressiorin (35) is nonngative. Summingthe componentyields

N
€Dy = D7 1ef*V] = | cos 8] S¢ / (1= Sa) -

j=1
And sowe seekanupperboundfor | cos 6 | S¢ andalower boundfor 1 — S,,.

For (1 — S,), diagonaldominanceg26) andthe definitionof a; imply that

aj <va;j/(B+vNaj;+§5), (37)

where
& = 205/ At = 2u; ju; [1* .
Sinceji; and fi; are boundedby the cubeof the frequeny mesH v;}, the variable

& ~ 2v5/h*. Hence,¢; may be arbitrarily small or large. The inequality (37), the
definitionof S,, and(20) yield

1-S, > > ;=Y va;/(B+7Naj +§&)
F

J

Y aj(B=v+7Noj+&)/(B+vNaj+§) .
j

(i+1/2)

To bound| cos 8| S¢, we applydiagonaldominance26) onthetermse; and

¢;, definedin (34) and(36) respectrely, andobtain

& 79y
|cos0|S¢§Zj:(6+7NJaj+§j) (ﬂ+7(NJ_1)aj) .

In deriving theinequality we assumedhe mostpessimistigossibility§ = 0.

We now derive asimpleresult. Let z;, y;, z; denotethe respectie, positive com-
ponentsof threevectorsandlet w be apositive scalar If for eachcomponent

Yy <wzj, (38)
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then
(Zxﬂh) /(Zagq) <w. (39)
J J
By letting
z; = aj/(B+yNa;+§5),
yi = v&/(B+v(N—-1)aj), and
zji = B—=-7+7Na; +§;,

we notethatthattheboundson| cos 8| S /(1 — S,) arepreciselyasontheLS of (39).
If weassumehatw < 1, (38)is equivalentto

O0<w(B=7+7Nay)[B+7(N-1a;]+{{w[B+r7(N =1 a;] -7}

Sincea; = O(1/N), thisreducedo

O<w(B+re)[B+70(M) ]+ {w[B+70M)] -7},

wheree denotesa numbersmallin relationto one. The RS consistsf two terms;the
oneindependenof &; is clearly positive (or canbe madeto be for 8 nearone. The
othertermis positive if we chooses satisfying

8> max{0,7[1/w—O(1)]}. (40)

We have proved:

Lemma3 Givenw € (0, 1), if 8 satisfies(40), the two—stepiteration scheme(29)—
(30) corvergesandthe spectal radiusof theiteration matrix is boundedby w.

Equation(40) is the desiredrelation. For small A¢, v = 0 andsimplediagonal
dominancej.e., 8 = 0, suffices. For large At, v — 1 andwe needmuchstronger
diagonaldominanceto ensurethat (31) corverges. In particular if v = 1/2 andwe
wishto guarante¢hatthe erroris halvedeachtime, we shoulduse = 1. Of coursea
large 5 necessitatea large T implying a smaller¥tc time step,i.e., it will take longer
to reachthe desiredsteadystate(14)—(15).

7 Results

We now apply the schemeto two testproblems. In the first, we simulatethe decay
of alocalizedhot spot. In the secondwe computethe propagatiorof a “Planckian”
radiationflux (definedbelow) into cold matter The problemsexemplify commonap-
plicationsof the radiationdiffusion equationsg.g., as the vehicle by which enegy
streamghroughmatter
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Wewill comparesolutionsof theonegroupequations(8) and(9), with thoseof the
multigroupsystem(6) and(7). For thelatter, we presensolutionsusingV = 2, 4, ... .,
64 groups. The multigroupresultsconsistof distinct simulations;eachan application
of the schemelescribedabove. Thus,the 4 groupsimulationbeginseachtime stepby
adwancingthe onegroupequationsTheresultformstheinitial iteratefor atwo group
level; theguesss improvedusingtheinner/outeiterative scheme The corvergedtwo
group level resultis theninterpolatedto obtainthe initial guessfor the (finest) four
grouplevel. The 8 groupsimulationis similar, exceptin this casethefinestlevel uses
eightgroups.Hence after corverging the four grouplevel, the resultformstheinitial
iteratefor the eightgrouplevel. Althoughresultsusinga smallnumberof groupsare
of limited physicalinterestthey arepresentedn orderto demonstrateorvergenceas
N isincreased.

Eachmultigroup simulationdiscretizesthe samerangeof the frequeng coordi-
nate. We first definea “base” geometricallyspacedyrid of 64 intervals, v; 1 — v; =
1.15 (v; — vj_1), with v; = 5-10™*; hence,vss = 25.5555 The basegrid is the
finestlevel grid for the 64 groupsimulation. The next coarsdevel grid is obtainedby
combiningtwo adjacenfine level intervalsyielding adiscretizatiorof 32 intervalsand
spanninghe samefrequeng range.This meshalsoformsthefinestlevel grid for the
32 groupsimulation.Hence thefirst nonzerdrequeng for the 32 groupsimulationis
(1+1.15) x 5-10~*. Theprocesss repeatediown to thelevel (andsimulation)using
two groups.Thus,thetwo groupmeshis givenby {v;} = {0, 0.2886, 25.5555}.

Thespatialdomainis discretizedusingafixedwidth, h = 1/50. Simulationsusing
finer spatialmeshegyield approximatelythe sameresults.We choseh = 1/50 in order
to displayvaluesasseparatesymbols;afiner meshblursthe plots.

7.1 Decayof localizedmatter energy

We considetthe sameproblemparameterasthoseusedby Shestakv [12]. Theinitial
temperaturdasthe pealedprofile:

Tig— | 64775, il [e] <004
=079 0.0027, otherwise

Theinitial radiationenegy densityis constant,E|;—¢ = 5.2344 - 10~7. The matter
“specificheat” R = 2.0. We definethe matter&,, (¢t) andradiation&,.(t) enegies,

EmzR/de and &:/de:/dm/duu.

Theinitial conditionsstipulatethaté,, |;—o = 1.0469 and&,|;—o = 1.0469-10~¢. The
computationatlomainis |z| < 1. At the boundarieshomogeneousleumanncondi-
tionsareimposed.Hence thetotalenegy £ = &,,, + &, is constanin time. However,
the individual quantities,£,, and&,., vary with ¢ asthe fields exchangeenegy. The
steadystatefieldsareindependenof z, and&,, = 1.



7 RESULTS 18

One group soln., t=3
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Figure2: CentralT problem. Onegroupsolution. Radiationenegy E andemission
sourcebT* vs.z, t = 3.0

We first considerthe one groupequationsij.e., (8) and(9). Figure2 displaysthe
enegy E andemissionsource6T* att = 3. Dueto symmetry we presentresults
only for z > 0. Exceptnearz = 0, thetwo fields aretightly coupledover the spatial
domain. The figure shavs that the initial temperaturespike hastransformednto an
outgoingwavewhich att = 3 hasreached: = 0.9 Thesolutionconfirmstheanalysis
givenattheendof sectionl, viz., whereverT is small,thefieldsaretighly coupled.

SinceT retainsremnantsof its initial, pealed profile at the origin, we excludethe
centralvaluesof 67 from the figure. For referenceatt = 3, the first few values
of 6T* are26.4600,26.4600,and0.0298; hence the centraltemperaturdasdecayed
nearlyfivefold,from T = 6.4775to T = 1.4491

Thetemporahistoriesof £, aredisplayedn Fig. 3. For theonegroupsolution,the
resultconfirmsour expectation£,, is alwayslargerthan&,.. In fact,&,,, monotonically
approachetheequilibriumvalue.

Figure 3 alsodisplays&,, (t) for variousmultigroupsolutions. Theseareseparate
simulationsof (6) and(7) using V' = 4, 8, etc.groups.Therearetwo noteworthyitems.
First, is the striking differencebetweerthe multigroupsolutionsandthoseusingonly
onegroup.All multigroup&,,, undegoasharpinitial decreasefalling to lessthanhalf
of theequilibriumvalue beforerecoveringandbeginningaslow, steadyise. Secondly
the figure shaws an obvious corvergenceas the frequeng grid is refined. We note
thatthe 64 group&,,, agreeswith thatpresentedn [12], Fig. 8. The multifrequeny
equationsprovide a meansfor matterenenpy, initially at z = 0, to radiateinto the
high frequenciegandquickly diffuseaway. High frequenciesrecharacterizety slov
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Central T problem. Evolution of matter energy
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Figure3: CentralT problem,Temporalhistories&,, (t) for 1 groupandvariousmulti-
groupsimulations.

absorption.

We concludethis sectionwith Fig. 4 which displaystheradiationenegy densityE
att = 3 for variousmultigroupsimulations.We againseecorvergenceasthe number
of groups/\ is increased.In comparingtheseresultswith the onein Fig. 2, we note
thelargervalueof the multifrequeny E and,for A > 16, its nearuniformity with z.

7.2 Radiation into cold matter

Herewe simulatethe transporbf radiationinto cold matter ThespecificheatR = 10

Initially, T = 0.001 andE = E° = 10~%. For the multigroup simulations,we
initialize the groupenegiesby first definingtheinitial “radiationtemperature’T® =
(E°/6)/4, thencomputegroupenegiesaccordingo theprofilev® exp(—v/T?). The
spatialdomainis 0 < z < 1. Ontheboundariesve imposethe condition,

aE—-F-n=c,

whereF = —210T3VE is theradiationflux, a andc areconstantsand# is the out-
wardnormal.Hence,—F' - i denotegheincomingflux. For the multigroupequations,
theflux is assumedo have a“Planckian; i.e.,v® exp(—v/T') profile,which stipulates
thefluxesthateachgroupreceves. At x = 0, weseta = ¢ = 1, while atz = 1, we
seta = 1 andc = 0. In earlytimes,thex = 0 boundaryconditioneffectively imposes
an incomingunit flux of enegy into the problem;in late times, it setsthe Dirichlet
conditionE = 1. Thez = 1 conditionallows enegy to streamout of the problem.
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Central T problem. Radiation energy density; t=3
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Figure4: CentralT problem,Radiationenegy densityE vs.x att = 3.

Figures5 and6 displaytheradiationenegy density £ and mattertemperaturel”
att = 1, respectrely. In Fig. 6, we plot 7'/20 for the one-groupsimulationin order
to fit the resultwithin the multigroupbounds. As in the previous problem,we seea
striking contrastbetweerthe one-groupandmultigroupsimulationsandnotea distinct
corvergenceasV is increased The one-groupcalculationis characterizedy a steep
wave front, which att = 1 haspropagatedo = ~ 0.38 Also, E and B areconcae
down, giving the appearancef enegy “bottling up” ratherthan streamingthrough
the material. In contrastthe multigroup E is concae up; the high frequeng enegy
readilypasseshroughthedomain.

8 Summary and conclusion

We have presented schemeo solve the multigroupradiationdiffusionequationsAl-
thoughtheschemeéhasbeenanalyzedandappliedto the H&S model[1], it is intended
for themoregenerabketof equationgjoverningmultifrequeng radiationdiffusion. The
schemeconsistof several straightforvard stepswhich whencombined make a pow-
erful tool. Thebasicpremiseis thatif aproblemrequiresalargenumberof groupsthe
formidablesetof A coupleddiffusion equationss advancedby bootstrappingrom
a smallernumberof groupsspanningthe samefrequeny range. Thatis, we apply
multigrid to thefrequeng range.

The schemanay be easilymodifiedandit is usefulto suggesextensionsaandpos-
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Slab flux problem. Radiation energy density; t = 1
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Figure5: Incomingflux problem,Radiationenegy densityE vs.z att = 1.

Slab flux problem. Temperature; t =1
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Figure6: Incomingflux problem,Mattertemperaturd” vs.z att = 1.
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sibleimprovements For example,our multigrid approachs basedon the concepthat
thesolutionfor a coarsdevel of groupsis a goodestimatefor thefine level. However,
for thecoarsestevel, theresultsof section7 do not supportthe hypothesesincesolu-
tions of theonegroupandtwo groupequationsaresodifferent. Thus,it maybewiser
to dispensawith the onegrouplevel andinitiate eachtime stepwith a coarsestevel
consistingof two, possiblyevenfour, groups.

As presentedtheschemés nonlinear Eachlevel consistof aninner/outeiterative
scheme.Theinneriterationssolve a linearizationof the equationswhile for the outer
onesmaterialpropertiessuchasopacitiesarerecomputedFor someapplicationsthe
evaluationof materialpropertiesmay be prohibitively expensve. If so,the scheme
may still be appliedby not recomputingthe coeficients. However, for a simulation
using NV groupsthe schemaloesrequirecoarsegroupaveragecpacities.

Although our presentatiorroarsene@achfrequeng rangeby a factorof two, this
is not a requirementFor example,if a problemconsistecbf a materialfor whichit is
essentiato properlydiscretizea particularfrequeny range,onemay coarserthe less
interestingrangesmoreaggressiely.

Within eachlevel, we solve a nonlinearsetof equationaisingan inner/outeriter-
ative scheme.By introducingpseudatransientcontinuation®tc, the inner iterations
areviewedassuccessie approximationgo a steadystate.Theinverseof the ¥tc time
stepr bringsan extra degreeof robustness.The iterationsare stable. Eachiterateis
physically reasonablethereis no concernaboutsubsequenévaluationsof material
propertieswith say a negativetemperature.

The inner/outeriterationsdo not needto be solvedto greataccuray. Indeed,for
the coarsestevels, doing so simply yields a correctanswerto the wrong problem.
However, we stresghatwhatevertolerances choserfor theinner/outeiiterations the
levelsconcludewith anadditionalstepguaranteeing@negy conseration. This we do
asfollows. After the inner/outeriterationsare deemedo be sufficiently corverged,
we recomputehe ji;, fi;, andp; coeficientsusingthe latesttemperaturd’ . These
values,wheninsertedinto (14) yield N independenequationdor u;, wherewe also
setT = T, After obtainingthe enegy densitiesat the advancedtime, the new
temperaturédfor the currentlevel) is then,

At .
T=T°+ = =T+ ui/f; | - (41)
7j=1

The procedureis clearly enegy conserving. The enegiesu; are nonngative since
they aresolutionsof linear systemsdxz = b whereeachA is an M matrix andeach
b consistof nonnaative componentsThe only concernis thatT may be unphysical
(too low, or evennegative)if (At T /R) is largein relationto the otherterms. The
computerprogrammonitorsfor sucheventsand signalsif this occurs. If it does, T

is resetto a minimum value, which ruins enegy conseration. Sofar we have yetto

witnesssuchanevent. Ourresultsconsere eneny, nearlyto roundoff. However, note
thatevenif (41) wereto yield a negative T' for anintermediatdevel, hopeis not lost
sincetheresultis only neededasaninitial guesdor thenext finer level.
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Although we choseto apply multigrid only to the frequeng range,one may ex-
perimentby alsoapplyingit to the spatialdomain.Our schemanay be generalizedo
multiphysicsprogramsusingautomatiqspatial)grid refinemen{AMR). In suchcases,
thecoarsdrequeny levelsmaybeadwancedon coarsenedpatialgrids.

Finally, recallingthe schemeof Axelrod et al [5], we list a few extensions.The
H&S modelto which we appliedour schemeavasderived by ignoring processesuch
asComptorscatteringandradiationpdV work. Theformerreduceso adiffusionequa-
tion in frequeny space.RadiationpdV is includedwhencouplingradiationtransport
to hydrodynamicmotion. In regionswherethe fluid is compressedrarefied),radia-
tion eneny is transferredo higher (lower) frequencies.The procesds modeledasa
translationin frequeny spaced;u = avd,u, wheresign) dependn signdV).
Both processemaybeincorporatednto our schemeFor stability, we would insiston
approximatinghe pdV processwith upwinding. Thus,the dualmatrix splitting inner
iterationscan still be used. The only complicationis that the M> matrix would no
longerbe arankoneperturbatiorof a diagonalmatrix. Hence the ShermarMorrison
formulacannotbe used.The secondsplitting requiresinvertinga full matrix of size vV
ateachspatialgrid point.

A Analysisof 7; and ;

Lemma 4 Thecoeficientsy; and; satisfy(4).

Proof Sincethe proof for #; is similar to the onefor 7;, we only presenthe latter.
Lety; = v;/T. If y € (yj—1, y;), it followsthat

Yj Y Y;
y?_l/ dye ¥ < / dyy?e ¥ < yf/ dye Y.
Yi—1 Yi—1 Yi-1

i—

If we divide theinequalitiesby fyy?_l dy e~ ¥, multiply by T3, andrecallthe definition
(10), we obtain,
1/?71 < py < 1/]3 )

whichis equivalentto whatwe need

B Solution of “one group” system

Herewe describethe schemeor the coarsestevel, i.e., the oneusedto solve (8)—(9).
By defining
B =6T*,
we rewrite (9) as:
(R/4)0:B=—-(B-E) (42)



B SOLUTION OF “ONE GROUP”SYSTEM 24

Since(8)—(9)is nonlineariterationis required.Let B® and E° respectiely denotethe
emissionsourceandradiationenegy at the previoustime level andlet B(*) and E(%)
respectiely denotehei-th iteratesapproximatinghenew sourceandradiationenegy.
Theiterationbeginsby assigningB(®) = B°.

AssumingE(® is known, backward Euler differencingof (42) yields,
B®W = o B+ (1 - w) EY (43)

where
0<w=R/(R+4At) < 1.

Equation(43) is robust; the new sourceis an averageof the new radiationenegy and
the sourceat the previoustime level. If both B, and E(Y) arenonneyative,sois B9,
We define

T® = (B /6)1/4 (44)
andsubstitutethe latestknown T into (8). Backward Euler differencingleadsto the
equatiorfor E9 | viz.,

—At9,[210(TV)3 5, ED ]

wAt ) wAt B
= (i) — g0 4 =02
+ <1+ 6(T(z‘—1))3) B = B+ o (45)

Thisequations alsorobust. Thediffusioncoeficient, lowerorderterm,andright hand
side(RS)arenonnayative. With properdifferencingwe obtaina linearsystenwith an
M matrix. Thus,thenew enegy E(%) is guaranteedo be nonneative.

Theiterationsaredonein thefollowing order We seti = 1 andsolve (45)to obtain
EW . Then, (43)-(44)yield the new emissionandtemperature We increment; and
continuesolving (45), (43),and(44),in thatorder We iterateuntil theiterationerror

T — T

T T
is reducedo aspecifiedtolerance.

Thetolerances neednot be overly restrictive sincethe goalis notto solve (8)—(9)
exactly, but ratherto only obtaina goodinitial guesdor thenext fine level systemj.e.,
the oneusingtwo groups. Typically, it sufficesto iterateonly upto i = 2. However,
beforeleaving the coarsestevel, we performanadditionalstep.

Theiteratepair ( E(, T()) doesnot consere enegy. It is easyto checkthat
At (EW — BW ) /[6(T~1)?]

is the enegy densitythatis taken out of the E field duringthe time stepandthatthis
amountdoesnot equalthe matterenegy change,

R(T® —T1°) .
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Hence to consere enegy, we compute
T =T° + (At/R) (E®D — BD) /[6(T0 V)3 .

Unfortunately thereis no guarante¢hatT*) is physicallyreasonableg.g.,positive.”
Thus,if we have specifieda minimumtemperaturd,;, (zerodefault),in cellswhere
T™) is too low, we resetit, therebyobtainingthefinal coarsdevel temperature

TP = max( Tinin, T™) .

As afinal check,we monitortheenegy “lost,”
Em,lost = R/dfl)’ max( 0, Twin — T(*)) .

We have yet to find a problemwhich generatea nonzeroEm,lost.8 Note thatit is
not imperatve to exit coarselevels with enegy conservingfields since coarselevel
solutionsareonly usedasinitial guesses$or subsequerfine levels.

This concludesthe descriptionof the schemefor the coarsesievel. The result
consistof thefieldsT(f) and E(. Thelatteris interpolatedo a 2—groupfield perthe
algorithmdescribedn section2.
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